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Abstract

A group of m agerts isto nd a common agreemen about a certain
issue. Consider this issue to be an n-dimensional vector of real num-
bers, for example the allocation of a xed sum of money to n projects.
Each agert has an opinion about the allocation, which he may revise. We
model the processof opinion formation as a time-discrete dynamical sys-
tem, in which every agert averagesall opinions which are closedto his own
opinion. Thus con dence structures may change. Mathematical analysis
shows that every starting opinion distribution convergesto a stable distri-
bution. The driving force of this convergenceis self-con dence. Further,
we presert somesimulation results concerningm = 150and n = 3, which
give an insight into the dynamics of multidimensional opinion dynamics
under bounded con dence.

1 The Mo del

Consider a group of m agerts, ead having an opinion about a certain issue.
Consider that ead opinion is a n-dimensional vector of real numbers. The
group of agens is now to nd an agreemen We supposethat ead agen is
willing to revise his opinion by taking the opinions of other competent agerts
into consideration. A competent agen in the view of one agert should be an
agert with an opinion which is in a measurableway closeto his own opinion.
Further we supposethat all agerts revisetheir opinions at the sametime. The
repitition of this simultaneous revising is what we call a processof opinion
formation under bounded con dence.

The bounded con dence model with 1-dimensional opinions goes badk to
Krause/Hegselmann[6] and Dittmer [3]. In this paper we focus on multidimen-
sionality of opinions.

We take an allocation problem as example. Consider the m agerts are to
allocate a xed sum s of money or other resourceamong n projects. So an
opinion is a non-negative vector, whosecomponerns sum up to s.

Lehrer/W agner [8] (p. 107-112) have proved that every amalgamation of
di erent opinions about an allocation can be modelled as a weighted arithmetic
mean, if we got at leastthree projects and if we claim two not too strong axioms.
One axiom is called zero unanimity. It meansthat the amalgamated opinion



for project i must be zero, if all opinions about project i are zero. The second
axiom is calledlabel neutrality. If we permute the valuesof the projectsin every
opinion in the sameway and do the amalgamation, then the amalgamatedvalues
are the same,asif we amalgamate rst and permute then.

In the caseof an allocation problem \revising an opinion" henceshould be
building a weighted arithmetic mean of all the opinions.

In the secondhalf of this section, we model this processof opinion formation
mathematically asa discretedynamical system. In section2, we shaw that every
processof opinion formation corvergesto a fragmerted but stable distibution
of opinions. In section 3, we presert somesimulation results for an allocation
problem with three projects.

Wecall X (t) 2 R™ " an opinion prole of m agerts with an n-dimensional
opinion at time stept 2 N. Soewery row of X (t) is the opinion of one agert.
In every column are the values of all agens for one parameter of the opinion.
Although one opinion is a row-vector, we should not hesitate to imagine it asa
point in R".

For all agents we assumethe samerangeof con dence " > 0. Then wede ne
the con dence setof agert i in opinion prole X 2 R™ " as

LX) = fimjkXg Xk "

for the euclideannorm.
Wecall fX 2 R "jkX[;; Xk "gthe area of condence of agert i 2 m.
We assumethat all agerts distribute equal con dence weights between all
agerts with opinions which lie in their area of con dence. Thus we de ne a
con dence matrix A(X) 2 R™ ™ for an opinion prole X 2 R™ " by
L~ ifj 21(X;0)

AKX e FTOE (
(X i 1 0  otherwise.

Now we can set up the processof opinion formation as a time-discrete dy-
namical system. Let X (0) 2 R™ " be a starting opinion prole. The process
of opinion formation is a seriesof opinion pro les (X (t)); o recursively de ned
through

X(t+ 1) = AX (1)) X (t):

An opinion pro le, which remainsthe sameafter iteration, we call stabilized
pro le . A consensuswill be readed, if all rows of an opinion pro le are equal.
It is clearthat a consensuss a stabilized pro le.

We say that two agents i;j 2 m communicate (i ! j), if there exist

and for all | = 1;:::;k 1the agerts iy ; and i, trust ead other (ailliI > 0,
a,i, , > 0)and nally iy andj trust ead other (a,; > 0, &;, > 0). It is easy
to seethat \ ! " is an equivalencerelation. Thus, the set of agerts m divides

communicates with every other agert in his class,but with no agert outside.

Thus, for acon dence matrix the setofindicesm dividesinto self-comnunica-
ting classes.Notice that the structure of self-commnunicating classesof indices
dependsonly on the zero-pattern of the matrix.
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Figure 1: Example with 6 agens and 2-dimensional opinions

In gure 1, we shav an example with an opinion pro le of six agerts with
3-dimensional opinions. Each opinion adds up to one. Thus every opinion lies
in the unit simplex. We start with the cloud of the six opinions (the crosses)
at the left side. The areasof con dence are circles around the opinions. In
onetime step every agert movesto the focal point of all opinionsin its area of
con dence. On the right side we seethe cloud of opinions after one time step.

The con dence matrices for the two opinion pro les are

2 3 2, 3
10 00 0O §§0000
o%%ooo §§%000
O§—100 0 5 3 000
ooiill and ooo & 1 12
0oo0o0 i 11 000 111
000 i1 000l il

In the rst cloud f1g and f 2; 3; 4; 5; 6g are the self-comnunicating classes.
After onetime step the classesare f 1;2; 3g and f 4; 5; 6g. It happeneda combi-
nation of splitting and joining of classes.This demonstratesthe various possi-
bilities of how con dence structures could change.

Nevertheless every processof opinion formation corvergesto a stabilized
pro le. This is what we will show in the next section.

2 Mathematical Analysis

In our analysis we focus on the accunulation of con dence matrices.
For a processof opinion formation, it holds by iteration

X(1) = AX({E DYAX(E 2)  AX(D)A(X(0)X(0):

For abbreviaton we de ne for a seriesof matrices (A(t)): o the accumulation
from time stepty to t; as

Atorts) == A(ts DA(ta  2)  A(to + 1)A(to):
With de nition A(t) := A(X (t)) we can write

X (t) = A(0:t)X (0):



If we shawv that limy;  A(O;t) convergesto a constart matrix, then it is
clearthat (X (t)); o corvergesto a constart opinion pro le.

Actually, we will not use all properties of con dence matrices, but only
four properties, which hold for every con dence matrices A(X ) derived from an
arbitrary opinion prole X 2 R™ ":

P
1. A(X) is row-stochastic. For every agert i 2 m it holds jm:1 a; = land
A(X) is non-negative.

2. The diagonal of A(X) is positive. For every agert i 2 m it holds a; > O.
(Every agert got a little bit of self-con dence.)

3. Zero ertries in A(X) are symmetric and thus positivity of ertries is also
symmetric. For ewvery two agerts i;j 2 m it holdsa; > 0, &; > O.
(Con dence is mutual.)

4. The lowest positive entry of A(X) is greater than 1=m.

At rst, we will useproperty 2 for the following proposition.

Prop osition 1 LetA(t) 2 R™ ™ ke a seriesof matriceswith positive diagonals
for t 2 N, then there exists a series of time stepstg < t; < ty < such that
A(to;t1);A(ty;t2);::: got the same zero-pattern.

A(to;t1); A(ty;to);: 1. If we sort the indices of every matrix by simultaneous
row and column permutations, then we got a block matrix with strictly positive
blocks on the diagonal (A(ty; tk+1 )pi, ;1,1 > Ofor all k 2 N,i 2 m) and zerw-blacks
at all other positions (A(tk;tk+1)p,.,;> Oforallk2 Nandi;j 2m,i6 j).

Pro of. Notice that for any two non-negativ matrices with positive diagonals
A;B 2 R™ ™ it holds that every entry, which is positive in A or in B, is also
positive in AB. Therefore, more and more positive ertries in A(0;t) appear
monotonely increasingwith rising t.

Thus, once there will be a time step t, in which the maximum number of
positive entries in A(0;t) for all t 2 N is reached. And it is clear that no matrix
A(t) with t  ty got a positive ertry, where A(O; t;) hasgot a zero-eriry.

If we now look at the series(A(t)): t,, we nd another time step t;, suc
that A(ty;t;) hasreadced again the maximum number of positive ertries, but
there are lessor equal positive ertries asin A(0;t).

If we cortinue like this we got a seriesA((t; ;t;,,))i o of accurrulations in
which positive ertries vanish monotonely.

Thus, once there will be a time step t, =: to for which the minimum of
positive entries is reached and so with t; := t;, , we got the assertedseriesof
time steps.

For the secondhalf of the proposition, we rst notice that it is clear that
A(ti;tesr )j = Oforalli 2 1;j 214;k2 Nif 16 g The last thing to shov

is, that for every self-comnunicating classl, it holds that A(ty;tk+1)p,.1,7 1S
strictly positive.
For all k 2 N the matrix A(ty;tk+1)p, .1, is primitiv e (that meansthat one

power is positive) becauseall indices are communicating and the diagonal is
positive. Thus, there is one z such that

Alto;tz)p 1= Atz 1t)pag Altosta)p, g
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is strictly positive, becausethe primitivit y property dependsonly on the zero
pattern of a matrix, which is equalin A(ty;tk+1)p,.1,; for every k 2 N.

Thus, A(tk; tk+1 )p,;1,; must be strictly positive for all k becauseotherwise,
there were lesspositive entries than in later accunulations, which is a cortra-
diction to the minimalit y of positive ertries. 2

We obsene that the agers tend to split into a kind of self-comnunitating
classeswhich is only forced by the existenceof someself-con dence for every
agert.

The next proposition is a result about the convergenceof accunulations of
row-stochastic matrices to a consensusmatrix. A consensusmatrix is a row-
stochastic matrix with equal rows.

Prop osition 2 Let A(t) 2 R™ ™M @ a series of row-stachastic matrices for
t Oandlet { > 0 be a serieswith tlzo + = 1 . If it holdsfor all t that

xn
min  minfa(t)i;a(t)jkg
L)
then there exists a consensusmatrix K suchthat
tI!|1m A(0;t) = K

Pro of. (Only sketched) If we interprete the rows of a matrix A(t) 2 R™ ™
asvectorsin R™ then we can de ne the row-diameter d(A(t)) asthe maximum
distance of two rows.

Multiplication from the left with a row-stochastic matrix (A(t + 1) in our

setting) shrinks the row-diameter in this way
!

xn
d(A(t + 1)A(1)) 1 r‘ir]jin minfay (t+ 1); ¢ (t+ 1)g d(A(t)):
" k=1

For a proof see[9] (p. 22-23,Satz 2.4.7). This is a more dimensional version of
the so-calledshrinking lemma, seenfor examplein [7].

Thusthe row-diameter shrinks to zeroby iteration, becauseof the conditions
about ;. And this forcesall rows to convergeto the same xed values.

For details see[9] (p. 24-25, Satz 2.4.11) or argumerts in [7] (p. 229-230,
Theorem 1) which can be easily modi ed for the more-dimensionalcase. 2

If we look at the seriesof accunulations (A(ti;ti+1)); o in proposition 1,
sorted by their self-communicating classesthen we can hope for a corvergence
of every block on the diagonal, which is strictly positive b¥, proposmon 2, to
a consensugmatrix. We only haveto nd a series ;, with  ;_; ; = 1, such
that the lowest positive ertry of A(ti;tj+1) is greaterthan ;.

Prop osition 3 Let A(t) 2 R™ ™ be a seriesof con dence matricesfort 0.
Then it holds for every two tlme stepsty < t; that the lowest positive entry of
A(to;t1) is greater than (1=m)™° m*2

Pro of. (Only sketched) Let tg < t; and N = t; to. Let (A) bethe
lowest positive entry of the non-negative matrix A. It is easyto seethat

(A(tost)) = (A(tz 1)  A(to) (A(tz 1)) (A(to)):



With property 4 it holds (A(to;t1)) (1=m)N.

It holds that the lowest positive entry of a product A(t + 1)A(t) canonly be
lower than the lowest positive ertry of A(t), if A(t+ 1)A(t) got at leastone zero
ertry less. For a proof see[9] (p. 28-29,Lemma 2.5.7). The proof usesproperty
3, the symmetry of the zero ertries in every matrix.

If we want the lowest positive ertry of A(tp;t1) to sink below (1=m)mz m+2
then m?> m + 1 zeroshave to disappear while we are accurrulating, but then
A(to) must have at least m?> m + 1 zerosand thus can not have a positive
diagonal. 2

Now we can put the three propositions togehter.

Theorem 1 Let A(t) 2 R™ ™ be a series of con dence matricesfor t 0.
Then it exists a time step tog and pairwise disjunct classesl ; [ [lp=m

suchthat 2 3
K1 0
lim A(;t) = 9 gA(O;to);
' 0 Ko,
andK;:::; K, are quadratic consensusmatricesin the sizesof | 1;:::;1,. (For
this we must think that every matrix is sorted by I 1;:::;1,. This is possible

without loss of geneality.)

Pro of. From proposition 1, we get the time step to and further time steps
t1;t2;::: sothat we get a constart distribution into communicating classesof
indices for the accurrulations A(ti;ti+1 ) with i 0.

Becauseof this we can compute for everyt  tg and g2 p the accunulation
A(to; t)p 41 4 ONly form the matrices A(t)y ;1 41 -

Proposition 1 says alsothat the matrices A(ti; ti+1 )y .1 ) @restrictly positive
foralli 2 m and g2 p. And from proposition 3, we get that their lowest entry
is greater than (1=m)™" m*2

Thus for every q 2 p holds that A(to;t)p .1, corvergesfort! 1 to a
consensusmatrix by proposition 2. 2

Thus, it holds that every processof opinion formation corvergesin the way
that ead of the self-comnunicating classesnds a consensus.Thus, a consensus
among all agents can be reached, if and only if, every self-comnunicating class
reaches the same consensualvalues. This is especially possible, if the agens
remain in only one self-comrnunicating class.

In the caseof bounded con dence, the stabilized pro le will be reached in
nite time, becauseoncethere will be a time step, in which the distance of all
opinions, which corvergeto the samevalue, is below .

3 Simulation results

We simulate 150 agerts with an allocation problem about three projects. Thus
an opinion should consist of three positive real numbersadding up to one. Thus
every opinion is in the 3-dimensionalunit simplex, which is the corvex hull of
f(1;0;0);(0;1;0);(0;0;1)g R

Figure 2 shawvs an examplewith arandomly choosenstarting opinion pro le,
where opinions are distributed evenly in the simplex. The range of con dence



is" = 0:25. On the left side we seethe 150 opinions as black points. In the
middle we seethe opinion cloud at time stept = 3, and at the right side we
seethe opinion prole at t = 6, which is already the stabilized pro le, which
must be reached by the theorem of section2. The crossesstand for the starting
distribution and the gray lines stand for the orbits the opinions walk.

Figure 2: 150 agerts, "

0:25, opinion cloud at time stepst = 0;3;6

Here is a short description of the driving forcesof the opinion dynamic: At
rst all the opinions being closeto the border of the simplex will move a little
bit in the direction of the middle becauseoutside of the simplex are no opinions.
Opinions in the middle of the simplex would not movein a particular way. Thus,
at the rst time stepsthe cloud of opinions shrinks, but alsothere will be a an
aggregation of opinions at the border of the cloud. At the three edgesof the
shrinked cloud the concertration will be most dense.An aggregationof opinions
attracts other opinions in its range. Thus, there is a quick attractions at three
points eat corresponding to one edgeof the simplex.

We are now interested to see, how the number of dierent opinions after
stabilization and their position dependson the range of con dence ".

The complexity of the behavior can be demonstrated by gure 3. For this
gure we always usethe samestart prole asin gure 2 but with di erent values
for " form 0:15to 0:3. On the vertical axis we assignthe number of di erent
opinions after stabilization. As we aspect this number decreasesas con dence
rises, but this is not monotone.
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Figure 3: Number of opinions after stabilization for rising "

Thus, we switch to a statistical analysis. We take 1000random start pro les,
ead with 150 opinions which are evenly distributed. We choose a range of
condence " and compute all 1000 stabilized pro les. We repeat this for "-
valuesfrom 0:15to 0:3.

In gure 4, weshow visualizations of the computeddata for " = 0:17; 0:23; 0:27.
On the left side we seethe simplex divided into 210 small simplices. We count
for every small simplex how many of the 150000 stabilized opinions lie in it.
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Figure 4. Added stabilized pro les for " = 0:17;0:23; 0:27




The intensity of a small simplex dependson the number of opinions it corntains.
A gray-scaleaxis with explicit numbersis at the right side of the graphic. On
the left side we can seeareaswere the stabilized opinions aggregate,this can
be interpreted as a kind of probability. But we can not seeexplicit how many
di erent stabilized opinions remain. For this information, we got the graphics
on the right side. It shaws the distribution of the number of di erent stabilized
opinions for the 1000start pro les.

In gure 5, we nally shaw this distribution of the number of di erent stabi-
lized opinions for " from 0:15to 0:3 in 0:01-steps. The dark rows are the three
distibutions of gure 4. Along the gray rows the heights of all bars sum up to
1000.

Figure 5: Distribution of the number of opinions after stabilization

A short description of the results of the statistical analysis: We seethat
the number of di erent stabilized opinions sinks with rising ", as expected. For
" = 0:17the number variesaround six. We could call this plurality . For" = 0:23
the number varies around three but variation is very much lower than before,
nearly 75% is three. By the graphic of added stabilized pro les we seethat
the positions of the three opinions are quite predictable, becausewe seethree
dark areas. We could call this predictable polarization into three opinions. For
" = 0:27 the number varies around two and variation is higher than before. By
the graphic of added stabilized pro les we can not clearly detect the position
of the two opinions. We could call this unpredictable polarization into two
opinions. We can explain this, if we think of the three characteristic positions
were the opinions aggregateafter the rst time stepsof a process.Then two of
this aggregationsunite and one stands alone, so we got two di erent stabilized



opinions, but we cannot predict which aggragation remains alone. If we raise
" up to 0:29 then the consensusgets the dominant stabilized pro le, aswe can
seein gure 5. Figure 5 shows also explicit, that polarization on three opinions
is a dominant behavior for a much greater range of ", than polarization into
other numbers of opinions. Only the consensuswill clearly reach even higher
domination, if " is raised further.

For information about the programming see[9] or corntact the author.

4 Summary

From the mathematical analysis we can derive the strong in uence that self-
con dence result into the stabilization of processesf opinion formation. The
tendency to stabilize is not depended on the special properties of opinion dy-
namicsunder boundedcon dence, but canbe proved for every processof opinion
formation, whereagens do a kind of averaging of someother opinions (property
1), where every agert got a little bit of self-con dence (property 2) and where
con dence is mutual (property 3). We also need property 4, but this should
mainly prevent the convergenceof the seriesof con dence matrices, to matrices
which do not fulll properties 1-3.

With simulations we examined the dynamic behavior of a 3-dimensional
processof opinion formation under bounded con dence. The possibleopinions
were allocations of the sum of one to three projects, and the starting opinions
were distributed evenly in the opinion space. We obsened for many values of
the range of con dence a great tendency of polarization into three opinions, eath
of this three opinions givesa great part to one project and a small parts to the
other two agerts (approximately [:6 :2 :2]). More colloquial, the agerts divide
into three groupsead group favors one project. For higher rangesof con dence
the tendency goesto polarization into two opinions. One of them favors one
project, and the other givesa very small part to one project and divides the big
rest evenly betweenthe two other projects (approximately [:4 :4 :2]). But we
can not predict, which two of the three groups unite. For even higher ranges
of con dence the tendency goesto consensuswhich is always an opinion were
ewvery project gets nearly a third.
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